Abstract. If a fraction f dcdm of the Dark Matter decays into invisible and massless particles (so-called "dark radiation") with the decay rate (or inverse lifetime) Γ dcdm , such decay will leave distinctive imprints on cosmological observables. With a full consideration of the Boltzmann hierarchy, we calculate the decay-induced impacts not only on the CMB but also on the redshift distortion and the kinetic Sunyaev-Zel'dovich effect, while providing detailed physical interpretations based on evaluating the evolution of gravitational potential. By using the current cosmological data with a combination of Planck 2015, Baryon Acoustic Oscillation and redshift distortion measurements which can improve the constraints, we update the 1σ bound on the fraction of decaying DM from f dcdm 5.26% to f dcdm 1.99% for the short-lived DM (assuming Γ dcdm /H 0 10 4 ). However, no constraints are improved from RSD data (f dcdm 1.03%) for the long-lived DM (i.e., Γ dcdm /H 0 10 4 ). We also find the fractional DM decay can only slightly reduce the H 0 and σ 8 tensions, which is consistent with other previous works. Furthermore, our calculations show that the kSZ effect in future would provide a further constraining power on the decaying DM.
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Introduction
The ΛCDM model has been remarkably successful in accounting for a number of astronomical and cosmological observations of the universe such as the temperature and polarization anisotropies in the Cosmic Microwave Background (CMB) and the large scale structure. The existence of the Dark Matter (DM) in our universe is undoubtedly believed, whereas the particle physics nature of DM remains elusive after decades of research, which is mainly due to the fact that the cosmological observables are only sensitive to the purely gravitational effect of DM rather than its particle properties.
The recent Planck CMB measurements [1, 2] can achieve sub-percent accuracy in determining the cosmological parameters. However, the CMB results and other cosmological measurements have revealed several inconsistencies in the ΛCDM model, for instance, the H 0 tension [3, 4] , the σ 8 tension [1, [5] [6] [7] and the missing satellite problem [8, 9] , etc. On the theory side, the cosmological constant problem [10] and the coincidence problem [11] remain the major challenges in the modern cosmology. Many attempts have been made so far to remedy the tensions on H 0 and σ 8 by taking account of some new physics beyond the ΛCDM model, for instance, a holographic dark energy plus sterile neutrino model [12] , non-zero coupling in the dark sector components [13] , a minimally coupled and slowly-or-moderately rolling quintessence field [14] , multiple Dark Energy (DE) models [15] and the early dark energy [16] . Alternatively, one can take into account modifications of the standard cold DM scenario, including a cannibal dark matter [17] , partially acoustic dark matter models [18] , dissipative dark matter models [19] , hot axions [20] , charged DM with chiral photons [21] and decaying DM scenarios [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] , etc., which provide other possible solutions to resolve the tensions. Moreover, DM self-interactions [37] and DM-DE interacting models [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] as well as the modified gravity [50, 51] are also possible solutions to fix such the tensions.
On the other hand, a variety of hypothesized extensions of the Standard Model of particle physics generally predict new dynamics between the electroweak and the Planck scales together with a number of new particles readily with the required properties to be dark matter. For instance, the extremely light axions [52, 53] , the Weakly Interacting Massive Particles (WIMPs) [54] [55] [56] and the Kaluza-Klein DM [57, 58] are most popular DM scenarios, which not only offer solutions to several shortcomings of the Standard Model, but also provide possibilities to solve the observed cosmological tensions. If DM is composed of these particles, it could be unstable and can decay on cosmological time-scales, yielding visible effects in cosmological observations. The influences of unstable DM producing electromagnetically-interacting particles on the CMB and the large scale structure are first investigated by [59] [60] [61] .
In this work, we consider a fractional cold DM decay model [35] that allows to mitigate the H 0 and σ 8 tensions [62] [63] [64] . The decay products are invisible and massless particles, i.e, "Dark Radiation" (DR) and can not be identified/constrained by cosmic-ray measurements. In this study, we therefore investigate its cosmological imprints on CMB temperature anisotropies and the large-scale structure growth as well as the baryon velocity field via the evolution of the gravitational potential in terms of this DM decay model. We perform a joint analysis by combining the CMB datasets from Planck 2015 [1] , Baryon Acoustic Oscillation (BAO) and the redshift distortion (RSD) data at very low redshifts. Furthermore, we propose the use of the kinetic Sunyaev-Zel'dovich (kSZ) effect to probe/constrain the DM decay model from further surveys.
The paper is organized as follows. In Sec. 2 we describe our fractional DM decay model and present the basic equations for the evolution of the background dynamics and the linear perturbations. In Sec. 3, we examine the effects of the decaying DM model on various cosmological observables, and we present our results in Sec. 4. Sec. 5 is devoted to conclusions.
A fractional DM decay model
Here we briefly describe the main equations describing the DM-decay induced gravitational impacts by following [35] , assuming that the fractional DM decays into invisible and massless particles, dubbed as "Dark Radiation" (DR). In this DM-decaying model, the ratio of the decaying cold DM (DCDM) fraction to the total one, f dcdm , and the decay rate, Γ dcdm , are two free parameters. With these notations, the abundance of the standard cold DM (SDM) is then 1 − f dcdm . With the standard procedure, we split up the evolution equations into the homogeneous background part and the small perturbation part as follows.
Background equations
With a considerion of DM decay, energy conservation for the DM and dark radiation in the unperturbed background metric yields
1)
The prime (') above, and thereafter denotes the derivative with respect to conformal time, and a is the scalar factor of the universe. Here ρ dcdm denotes the density of the fractional decaying DM (i.e., ρ dcdm ≡ f dcdm · ρ c , where ρ c denotes the total DM density), and ρ dr is the density of dark radiation. Here we assume a positive Γ dcdm that implies the decays from DM to DR, but not vice verse. We shall come back to the standard ΛCDM model if either Γ dcdm or ρ dr is set to be zero.
Perturbation evolutions
After having computed the cosmological perturbations at the linear order [33] and following the notation of Ref. [35] , one can derive the expressions of the DCDM scalar perturbations in both synchronous and Newtonian gauges, which read
3)
where δ dcdm is the DCDM overdensity and θ dcdm is the velocity divergence, k the wavenumber in Fourier space and H = a a . Note that, as proposed in Ref. [33] , we have introduced two variables m cont and m ψ . Since the numerical code CAMB [66] is written in the synchronous gauge and the Newtonian gauge is convenient for later discussions on physical aspects, we provide the expression of the sources terms in both gauges, reported in Tab. 1.
Furthermore, by following Ref. [35, 65] , the full Boltzmann hierarchy to describe the perturbations induced by DR reads
5) 8) which is the gauge-independent hierarchy and has to be truncated at some large multipole for calculation, and the anisotropic stress developing in the fluid is governed by the lowest three multipoles F dr, , which in terms of the standard variables δ, θ, σ in DR fluid read:
Here, r dr is defined as
with ρ cr,0 to be the critical density at present. The conformal time derivative of r dr is expressed by
By using Eq. 2.9, one would arrive at the final set of equations:
12)
Note that, Eqs. 2.12 and 2.13 are rather similar, but not exactly equivalent to those for massless neutrino due to the decay terms as the function of Γ dcdm . 
Synchronous Newtonian
m cont h /2 −3φ m ψ 0 ψ m shear (h + 6η )/2 0
Cosmological Imprints from fractional DM decay
In this section, we investigate the purely DM-decaying induced gravitational effects on the CMB temperature anisotropies, redshift distortion (RSD) and kinetic Sunyaev-Zel'dovich effect (kSZ), as a function of the decaying DM fraction, f dcdm , and its decay rate, Γ dcdm . The imprints on the CMB and the matter power spectrum has been already discussed in Ref. [35] , and we in this study further calculate the DM-decaying induced effects on the RSD and kSZ, which would be measured accurately in future observations. Before doing so, it is worthwhile clarifying the initial condition setting for our DCDM model and demonstrating DCDM background evolution.
Initial Condition Setting and DCDM Background Evolution
In order to illustrate the effect of the DM decay rate on the CMB temperature angular power spectrum and to qualitatively discuss the corresponding physical origins clearly, we have to fix some cosmological parameters in calculations. As known, if we were altering the decay rate Γ dcdm while keeping the DM density remains same as that at the present day, the solver CAMB would automatically adjust the initial conditions in the early universe. However, such adjustments would lead to the effects of Γ dcdm on the perturbations mixed with that of changing the early cosmological evolution. Therefore, a better choice (as in Ref. [33, 35] ) is to fix the following cosmological parameters at the early time of a = 10 −8 same as those in standard ΛCDM universe, including the baryon density ρ b , the total DM density ρ c , the amplitude of primordial perturbation A s , the index of the primordial perturbation spectrum n s , the redshift of reionization z reio and the angular size of the sound horizon θ MC . We also assume that the decaying DM of the density f dcdm · ρ c starts to decay at a = 10 −8 . With these parameters fixed and varying Γ dcdm and f dcdm , as the consequence, the present-day value of DM density ρ c , the optical depth τ reio and the Hubble constant H 0 will change accordingly. These fixed parameters are chosen from Planck 2015 best-fitted TT, TE, EE+Low-P parameters [1] : {Ω b h 2 = 0.02225, Ω c h 2 = 0.1198, 100θ MC = 1.04077, ln(10 10 A s ) = 3.094, n s = 0.9645, z reio = 9.9 and h = 0.6727}. To avoid confusions, hereinafter we abbreviate ω ini b = Ω b h 2 , ω ini c = Ω c h 2 and H ini 0 = 100h km/s/Mpc as the input/initial parameters. Note that, the angular size of the sound horizon θ MC is fixed in this section such that the peak positions of CMB TT spectrum are unaltered, which is convenient for our discussions and can cancel the trivial effects in the CMB [35] . When performing the Monte-Carlo analysis in Sec. 4, we of course leave θ MC as a parameter. For illustration purpose, we fix the fraction of decaying DM to be 20% and the fiducial decay rate 
Γ dcdm
1 in the range of 3 × 10 −4 -3 × 10 3 Mpc −1 . The evolution equations are numerically solved by a modified CAMB [66] code.
In Fig. 1 , we illustrate the evolution of the background DCDM density evolution, starting with our initial conditions. We observe that, for the long-lived DCDM where Γ dcdm 0.3 Mpc −1 (i.e., longer than recombination time), the evolution starts to deviate from the standard ΛCDM one when z z * , which would lead to different predictions for H 0 , σ 8 and be able to mitigate their tensions from recent cosmological data. For very large Γ dcdm (Γ dcdm 0.3 Mpc −1 ), corresponding to very short-lived DCDM, the DCDM density decreases significantly well before recombination (z * ), leaving strong imprints on the CMB.
In all cases, ρ c a 3 eventually become smaller than its initial value due to the DCDM decay so that ρ Λ is automatically adjusted to higher values in order to keep the angular size θ MC = d s /d A fixed, in which d s is the sound horizon before photon decoupling and d A is the angular diameter distance to the last scattering surface. As a result, H ini 0 (or equivalently the Λ density ρ Λ ) has to be changed and depend on Γ dcdm non-monotonically when varying the decay rate. See more details and discussions in Appendix A. In this subsection we investigate the impacts of the decay on the CMB TT angular power spectrum. In order to fully understand the changes in CMB power spectrum, we will carefully examine the decay-induced impacts on the Sachs-Wolfe effect (SW), the early Integrated Sachs-Wolfe effect (early-ISW) and the late Integrated Sachs-Wolfe effect (late-ISW), as well as on the gravitational potential.
Let us first focus on the long-lived DCDM models where Γ dcdm 0.3 Mpc −1 . From  Fig. 2a , the amplitudes of the power spectrum at 100 are almost identical for the different Γ dcdm , but the decay apparently increases the amplitude at low-regime, 10. These features are consistent with what we expect in the long-lived case from Fig. 1 , since the DM lifetime longer than the recombination time would be almost no effect in the early universe but change the late universe considerably. The CMB perturbation modes at small scales with 100 have already well entered the horizon after recombination, so that the decay is not able to affect those modes. As we fix θ MC in this section and decay will lead to a decrease in ρ c , the density ρ Λ has to be adjusted to a higher value when decay occurs (see Appendix A in detail). This process will always compensate for decreasing ρ c by increasing ρ Λ . As a result, a higher value of ρ Λ can lead to an enhancement in the ISW effect and consequently in low-CMB amplitudes.
The enhancement in low-amplitude in fact comes from the decay-induced changes in the SW, early-ISW and late-ISW effects, which is shown in Fig. 2b . Let us focus on two cases: Γ dcdm = 0.3 Mpc −1 and 0.003 Mpc −1 , respectively. We find that, the decay will increase the both SW and early-ISW effects at < 100 and the larger decay rate increase the total amplitude of the SW and early-ISW more than from the smaller one, whereas the increase in the late-ISW from the smaller one could be greater than that from the larger one, except for at very large scales of 4 where the contribution to late-ISW is mainly from incerasing H ini 0 (i.e., increasing ρ Λ in order to keep θ MC fixed). In order to physically understand these observed behaviors, we will investigate the evolution of the gravitational potential, namely the Weyl potential Φ = (φ + ψ)/2 defined in CAMB, where the scalar metric perturbations (φ, ψ) evaluated in the Newtonian gauge are shown in Table 1 . Intuitively due to the fact that the decay will decrease Ω c , we expect the growth of Φ would be suppressed. As known, the SW and ISW effects are determined by the evolution of time-dependent gravitational potential. In Fig. 3 , we illustrate the potential |Φ| for given wavenumbers k as a function of scalar factor a. The wavenumber k is related to the multipole through the relation of k ≈ /(η 0 − η * ), where η * and η 0 denote the conformal time at the recombination and present day, respectively. As seen, compared with the standard ΛCDM case, the smaller decay rate Γ dcdm = 0.003 Mpc −1 mainly affect the potential |Φ| at a 0.02 and the larger rate Γ dcdm = 0.3 Mpc −1 affects Φ earlier. Such influences increase the changes of |Φ| after recombination, leading to a strong boost in the SW and ISW effects. Moreover, in Fig. 2b , the larger decay rate Γ dcdm = 0.3 Mpc −1 can offer a strong SW and early-ISW effects at ∼ 100. For the late-ISW effect at = 5 in Fig. 2b , the potential decay at a 0.1 in DCDM model is stronger than that in the standard ΛCDM model (seen from Fig. 3b ) and the potential |Φ| become lower for a larger Γ dcdm , as expected.
From the above discussion about the case of the small decay rate, we are convinced that, the long-lived DCDM has almost no effect in the TT power spectrum at 100 whereas it increases the amplitude of the spectrum notably at very large scales of 10. Note that, again, the angular size θ MC under the different decay rates is fixed to the value derived from the standard ΛCDM model in the calculations, and therefore the density ρ Λ has to be adjusted accordingly.
Next, let us move to the short-lived case which has a large decay rate with Γ dcdm > 0.3 Mpc −1 . As expected, the short-lived DCDM would play an important role at early universe Compared with the standard ΛCDM model, the decay-induced deviations occur at the early universe before the recombination. A detailed interpretation of the dependence of |Φ| on Γ dcdm is presented in Appendix. B.
before recombination, and leads to considerable changes in the CMB power spectrum at a broad range of multipoles, 800, shown in Fig. 4 . To understand these features, following the same line of reasoning as in small Γ dcdm case, Fig. 4b and 5 show the SW and the early/late-ISW effects, and the evolution of |Φ|, respectively. As seen, due to the decay of DM which leads a suppression in |Φ|, both the SW and ISW effects are enhanced visibly at the scales of ≤ 200. However, contrary to an intuitive expectation that the changes in Φ from smaller decay rates are weaker than from larger ones, the smaller decay rate Γ dcdm in fact will lead to a stronger influence in the CMB power spectrum. Also, all of the decaying DM with such large decay rates will disappear into dark radiations before the recombination and thus the comoving density of the remaining cold DM is unchanged with respect to z, so that different decay rates will start to change Φ differently, mostly at the very early universe at z > 1000. Meanwhile, the detailed calculation in Appendix. B shows the anti-correlation between Γ dcdm and |Φ| in the short-lived case. This anti-correlated feature will be also related to the explanations of the results in Sec. 3.3 and 3.4. Figure 6 : Comparison of CMB TT angular power spectrum by varying the abundance f dcdm and the decay rate Γ dcdm . For a given value f dcdm · Γ dcdm (e.g., f dcdm · Γ dcdm = 0.006/0.6 Mpc −1 in the long/short-lived case), there exists an underlying degeneracy between f dcdm and Γ dcdm , especially at the scales of 200. In either case (short-lived or long-lived), a larger f dcdm will leave a stronger impact on the low-modes. In the long-lived case, the larger f dcdm leads to an increase in the spectrum at 80 as the present-day value of ρ Λ is enhanced for keeping the θ MC fixed same as the one in the ΛCDM (see details in Appendix A). In the short-lived case, increasing f dcdm will not only boost the low-power but also the height of the first peak. Now let us focus on the effects from the DM density fraction f dcdm . Since the DM density in terms of the Taylor series of exp (−Γ dcdm t) can be written as
c , the impacts on cosmological observables at the linear level are expected to depend on the quantity f dcdm · Γ dcdm only, which means that the cosmological data could not break this degeneracy between f dcdm and Γ dcdm when Γ dcdm H 0 and cosmological parameters are fixed. As observed in Fig. 6 , when f dcdm · Γ dcdm is fixed in either long-lived or short-lived case, the changes in TT spectrum at 80 are essentially invisible by varying f dcdm . However, such strong degeneracy is entirely broken at the large scales since in our calculations θ MC is fixed and thus ρ Λ is changed accordingly by varying f dcdm . The short-lived one can have an additional impact on the TT spectrum, boosting the first-peak amplitude, which might be due to contributions from the higher order terms O(Γ dcdm t) 2 .
For the sake of simplicity, here we only discuss the effects in the CMB TT power spectrum. It is straightforward to extend the discussion into CMB polarization patterns (for details of impacts on the polarization see Ref. [35] ). However, when performing the joint analysis in Sec. 4, all Planck CMB power spectra of TT, TE and EE are included.
3.3 Impacts of DM decay on the growth of the large-scale structure A measurement of the large-scale structure growth may give further constraints on the DCDM model. In this study, we focus on the investigation of decay effects in the RSD and provide a constraint on the model by using the f σ 8 data (listed in Table 2 ) from [46] . The model independent matter growth rate is defined as
which in generally is a function of the redshift z, however the growth rate might be not sensitive to the small scales of k 0.01 Mpc −1 . In the DCDM model, the overdensity of total matter δ m is modified as
where
We usually use the variance of the density field smoothed within 8h −1 Mpc (denoted as σ dd 8 or σ 8 ) and the velocity-density correlation with the same smoothing scale σ vd 8 , to estimate the growth rate through The decay-induced suppression in f is apparent and a larger decay rate will lead to a stronger suppression.
There is no modification in the formalism of δ dcdm from the DCDM model in the synchronous gauge (see Eq. 2.3), so we have 4) which is completely different from interacting dark matter-dark energy scenarios [46, [67] [68] [69] , and thus the measurements of f from Eqs. 3.1 and 3.3 should be almost identical at small scales, confirmed by the illustration in Fig. 7 . For f σ 8 data, the measurements are based on the coherent motion of galaxies that characterized by the continuity equation, which reads
Here we have introduced the RSD parameter β, with β ≡ f /b, where b is the galaxy bias
Under the assumption of θ G = θ m , we can therefore straightly obtain the continuity equation for the total matter by combining Eq. 3.1 and Eq. 3.4 as
which indicates the strong dependence of the divergence of the velocity field θ m on the growth rate. We now investigate the evolution of f σ 8 (z) in the presence of the decaying DM. By varying the decay rate, Fig. 8 shows the predicted f σ 8 (z), together with the observational data. As seen, for long-lived DCDM f σ 8 (z) will decrease as 1/Γ dcdm decreases monotonically, whereas for short-lived DCDM the anti-correlated feature (mentioned in Sec. 3.2) still exists, which is consistent with the impact of the decay on Φ shown in Fig. 11 (see further discussion later).
Moreover, one may invoke the DCDM model, since the prediction on f σ 8 (z) from ΛCDM is slightly higher than the observed data 2 and such overestimate can be reduced by allowing for our DCDM model that suppresses the growth rate of cosmological perturbations. Also, the f σ 8 (z) in the low-z region (z 1) is very sensitive to the value of Γ dcdm , and thus we expect that the current and the future f σ 8 (z) data combined with the Planck CMB observations will provide a tight constraint on the decaying model.
Impacts of DM decay on baryon velocity field and kSZ effect
The baryon velocity field is an accurate tracer of the cosmic evolution that is sensitive to the DM decay, and thus it may pose a strong constraint for the DCDM model.
In the linear perturbation theory, the evolution of the baryon peculiar velocity in the Fourier space follows
where the subscript "b" represents baryon. The corresponding statistical information on v b can be obtained by translating v b into the root-mean-square velocity dispersion of baryon
2 For example, the χ 2 of f σ8 for ΛCDM and the DCDM model with Γ dcdm = 0.003 Mpc −1 (the red line in Fig. 8a ) are 28.07 and 11.51, respectively, implying the DCDM model have a better fit to observational growth rate data points with respect to the ΛCDM one. r [Mpc] (b) Figure 9 : Impacts of the decaying DM with several decay rates on the baryon velocity field v b at z = 0, in the long-lived (left) and short-lived (right) cases.
within a sphere of radius r, where P v (k) is the power spectrum of v b , W r (k) is the top-hat filter in the k-space, and v 2 b 1/2 is the bulk flow of baryon on such radius r. Fig. 9 illustrates a strong suppression in the baryon velocity field across all scales. A larger decay rate will lead to a stronger suppression for the long-lived DM model with Γ dcdm 0.3 Mpc −1 . However, the short-lived DM impacts on the velocity field in the other way around and a larger decay rate will weaken the suppression from Fig. 9b . The trend of the suppression can be clearly understood as follows: 1) the top-hat filter in Eq. 3.8 results in the contribution of P v (k) to v 2 b almost from the modes with k 1 Mpc −1 ; 2) k 3 P v (k) on very large scale is insignificant, and what really makes sense is the statistical information within k range we plot in Fig. 10; 3) P v (k) is the auto-correlation of v b , and on small scales the baryon velocity field v b is proportional to the overdensity δ b that is still controlled by the gravitational potential. The deeper the potential is, the stronger the resulting growth is, which is demonstrated by varying the decay rates shown in Fig. 11 .
Furthermore, we also expect that the decaying DM would affect the velocity field of the universe even before the reionization, which might be able to be tested by the kinetic Sunyaev-Zel'dovich effect (kSZ) that directly encode the information of the peculiar velocity field of the matter distribution and the baryonic matter density. The kSZ induced temperature anisotropies in a given direction (n) on the sky is given by [79] ∆T (n)
where n e is the electron density, σ T the Thomson cross-section, τ the optical depth, v the peculiar velocity vector of ionized electrons and dt corresponds to the distance along the lineof-sight (l.o.s) from t * , which will happen before the reionization as we want to collect all the kSZ signals along l.o.s, to the present day t 0 . Assuming n e (x, z) = χ ene (0)a −3 [1 + δ e (x, z)], where χ e is the ionization fraction,n e (0) the mean electron density today and x is the position in comoving coordinates. For simplicity, in this study we only consider the contribution from homogenous kSZ, not from the patchy effect. The "patchy" reionization kSZ in the fiduical model is subdominant with respect to the homogeneous one. Also, the patchy effect is stronly model dependent and depends on χ e . Moreover, one could separate the late-time and reionization kSZ by considering a higher-order statistic proposed in Ref. [80] . With this concern, in this study χ e is assumed to be a function of the redshift z only, and the contribution from inhomogeneous χ e is neglected. The kSZ-induced temperature anisotropies then can be computed as
in which p ≡ (1 + δ e )v is the peculiar momentum of the free electrons and can be decomposed into the gradient part p E and the curl part p B . As known, there is no contribution from p E to the kSZ effect [81, 82] since the gradient part cancels out when integrating along the line of sight. Thus we only consider the curl part and the corresponding power spectrum is computed by
where P B (k) is the power spectrum of p B and the kernel β(k,
In the linear perturbation theory and for kη 1, the peculiar velocity v is related to the overdensity δ e through v = −δ e /k = −aHf e (a)δ e /k , (3.12) in which f e = d ln δe d ln a is the growth factor for the electron overdensity that is same as the baryonic one at the linear level. With aHf e = aḊ e /D e by setting D e (z) ≡ δ e (z)/δ e (0), Eq. 3.11 can be re-expressed as
where P (k) is the linear power spectrum of the baryon, W g (k) is the transfer function that suppresses the P (k) at small scales [83] and we take it as unity in our calculations. Since the non-linear evolution of matter overdensity would enhance the kSZ signal, this effect can be modeled by a transfer function T N L such that the non-linear power spectrum
Refering to Ref. [84] [85] [86] , one can recast Eq. 3.13 for the non-linear effect as
(3.14)
In non-standard cosmology, T N L (k) can be accurately fitted from numerical simulations. Assuming the non-linear growth of the baryon is essentially independent of the DM decay, the halofit model for ΛCDM [87, 88] thus would not be revised for the DCDM parameter space in this study, the kSZ signal thus can be calculated through
. The contribution to kSZ signal from high redshifts is quite small since χ e 0 in the fiducial "sudden" reionization model used in CAMB [89] with z reio = 9.9 and ∆ z = 1.5, where z reio is the redshift when the reionization fraction is about half of its maximum and ∆ z is the width of the reionization transition. From numerical tests, we choose the upper limit of the integral as z * = 12 as any contributions from the higher ones can be safely neglected. The dependence of C kSZ on Γ dcdm is consistent with the behaviours of the bulk flow as shown in Fig. 9 . Fig. 12 shows the predicted angular power spectrum of the kSZ anisotropies in the presence of the DCDM, in comparison with the measured data from the South Pole Telescope (SPT) [91] . The measured amplitude of the kSZ power spectrum by SPT is 2.9 ± 1.3µK 2 at = 3000 and the corresponding 2σ upper limit is about 4.9µK 2 . As seen, the predicted amplitude of kSZ from the standard ΛCDM is consistent within measured value at the 2σ level, whereas the current measurement in fact favour the DCDM model as the kSZ signal will be suppressed considerably by the presence of the DCDM which leads to the kSZ amplitudes consistent with data within 1σ. Furthermore, the DCDM-induced influences in kSZ for the long-lived (in Fig. 12a ) and short-lived (in Fig. 12b ) models are essentially compatible with those in the bulk flow of the baryon shown in Fig. 9 .
In Fig. 13a , we illustrate the integrand in Eq. 3.15 as the function of z at = 3000. One can find that the dominated contributions to the kSZ power spectrum only come from low redshifts of z 2, which means the kSZ signal is not strongly dependent on the reionization history. Again, 100θ MC is fixed in calculating the kSZ signals for different decay rates. With such "fixing", changing the decay rate will lead to a different dark energy density and Hubble expansion rate, and, consequently, leave an impact on x(z) and dx(z)/dz in Eq. 3.15. Furthermore, as shown in Fig. 13b , the power spectrum ∆ 2 B (k, z) will decrease monotonically as increasing Γ dcdm in the long-lived case. From Fig. 13c , we also find that a strong suppression in ∆ 2 B (k, z) appears whereas the strength of such suppression is insensitive to Γ dcdm in the short-lived case.
With the above discussions about the DCDM-induced suppression in the kSZ power spectrum, the recent kSZ measurement by SPT would provide a further constraint on the parameter space of the DCDM model and MCMC-based constraints by using current observations are present in Sec. 4. Figure 13 : (a) The integrand in Eq. 3.15 as the function of the redshift z. As seen, the contributions from the low redshifts of z 2 will dominate the kSZ power spectrum C kSZ , and thus the resulting C kSZ is almost insensitive to reionization history. The dimensionless power spectra of ∆ 2 B in the presence of long-lived (bottom-left) and short-lived (bottom-right) DCDM have relatively smaller amplitudes than the ΛCDM-predicted one.
Constraints on DM decay rate and fraction
In this section, by running Monte Carlo Markov chains (MCMC) with using the public code CosmoMC [94, 95] , we perform a joint analysis of the cosmological data to place tight constraints on the DCDM model. We compare the constraining power of various observables including the CMB, BAO, RSD and kSZ measurements as follows.
Constraints from the CMB power spectra, BAO and f σ 8 data
To understand how the f σ 8 measurements improve the constrains on the DCDM model, we start with using Planck 2015 temperature and polarization data over the full range of multipoles (referring to them as "Planck2015") 3 . We then include the f σ 8 data listed in Tab. 2 and refer to these data as "RSD" 4 . After that, we add BAO data from Six-degreeField Galaxy Survey (6DFGS) at z = 0.106 [96] , SDSS Main Galaxy Sample (MGS) at z = 0.15 [97] , the BOSS-LOWZ at effective redshift z ef f = 0.32 and the CMASS-DR11 at effective redshift z ef f = 0.57 [98] , for placing further constraints on the DCDM model. In our analysis, we assume flat priors on the six cosmological parameters and two DCDM-related ones:
Note that, we choose a flat prior on Γ dcdm as 0 ≤ Γ dcdm ≤ 5 Mpc −1 for the long-lived case and 0.5 ≤ log 10 (Γ dcdm /Mpc −1 ) ≤ 3.5 for the short-lived one. We also keep the total neutrino mass, the relativistic number of degrees of freedom and the spectrum lensing normalization as well as the Helium fraction fixed to Σm ν = 0.06eV, N eff = 3.046, A L = 1 and Y He = 0.24, respectively. We set a Gelman and Rubin criterion of R − 1 = 0.03 to ensure the chains to be converged.
In Fig. 14 , we first consider the models of ΛCDM and DCDM constrained by "Planck2015" and RSD data, respectively. We see that, the inferred values of H 0 and σ 8 from CMB data are still in about 3σ tensions with those from RSD data and the DCDM model can only slightly alleviate such tensions, which confirms the results found in Ref. [35] . Then in Table. 3, we present the results for the long-lived DCDM model from the combined datasets "Planck15+BAO" and "Planck15+BAO+RSD", and the inferred 1D distributions and 2D contours are shown in Fig. 15 .
Using the "Planck15+BAO" dataset, we find a 68% CL upper limits on the fraction is f dcdm 0.84% but very weak constraint on Γ dcdm due to the underlying degneracy from f dcdm Γ dcdm . When including RSD data in the analysis, one can not obtain stronger constraint on Γ dcdm , and the bound on f dcdm now becomes weaker by about a factor of 1.2. These results indicate that the RSD data prefer a relatively larger decaying DM fraction, consistent with our findings in Sec. 3.3 where the predicted values of f σ 8 fit the data better than the ΛCDM predicted. Also, as expected, the current datasets can not effectively break down the degeneracy between Γ dcdm and f dcdm for the long-lived model.
The constraints in the short-lived DCDM model (most of the DCDM has decayed away before the recombination) are summarized in Tab. 4 and the corresponding 1D marginalized posterior distributions and 2D contours are shown in Fig. 16 . To speed up the exploration of the parameter space in Γ dcdm , we scan over log 10 (Γ dcdm /Mpc −1 ) with a flat prior instead of Γ dcdm . Due to the fact that the total DM density at the recombination is tightly fixed by the CMB and increasing f dcdm will lead to the total DM density significantly decreased at that time, therefore one can find a strong positive correlation between initial DM density ω ini c and DM fraction f dcdm . From the 1D distributions, we also find the RSD data provides strong constraints on f dcdm and ω ini c and the bound on Γ dcdm , however, becomes weaker than that by "Planck2015+BAO". Finally, the marginalized 1σ upper limit on f dcdm is improved by a factor of about 2.6 ( 5.26% from "Planck2015+BAO" and 1.99% from "Planck2015+BAO+RSD"), when the RSD data are included in the analysis. H 0 Planck2015+BAO Planck2015+BAO+RSD Figure 15 : 1D marginalized posterior distributions and 2D contours at 68%, 95% confidence levels for the parameters ω ini c , f dcdm , Γ dcdm , H 0 and σ 8 , using the combined datasets of either "CMB+BAO" or "CMB+BAO+RSD" measurements in the long-lived DCDM model, respectively.
Adding kSZ data from SPT
The influences of DM decays on the kSZ signal has been investigated in Sec. 3.4, and thus let us compute the constraining power of the SPT-kSZ data. Since the SPT provides a measurement of the kSZ signal at = 3000 only, it is not able to provide significant improvements in the constraints on the DCDM model. Here, we therefore only investigate the constraint from such kSZ data by fixing cosmological parameters with the "Planck 2015" best-fitted values but varying ω ini dcdm , f dcdm and Γ dcdm that allows us to construct a 3D parameter space. In Fig. 17 and 18 , we show the results for the long-and short-lived DCDM models, respectively. Comparing with the constraining power of the "Planck2015+BAO+RSD" dataset, the current kSZ data prefers a non-zero fraction of DCDM, which is consistent with the results in Sec. 3.4 but somewhat opposite to the preference from "CMB+BAO+RSD" measurements. We find that the best fitted value of the SPT-kSZ measurement (the "white star" in Fig. 17 & 18) deviates from the "Planck2015+BAO+RSD"-inferred one at 2σ level. This disagreement might imply a possible tension between the current kSZ and CMB data, and future precise kSZ measurements would provide independent evidence for the existence of DCDM.
Conclusions
In this work, we have investigated cosmological bounds on a fractional decaying DM that is allowed to decay into invisible relativistic particles ("dark radiation"). The DCDM model is characterized by two parameters, the fraction f dcdm of the DCDM and the decay width Γ dcdm , and we estimate the constraints on such two parameters by purely gravitational effects from the measurements of the CMB temperature anisotropies, the redshift distortion and the kinetic Sunyaev-Zel'dovich effect. Based on a full calculation of the evolution equations for the background and the perturbations by modifying the full Boltzmann hierarchy, we have quantitatively determined the impacts of the decaying DM on cosmological observables and placed a cosmological constrains on f dcdm and Γ dcdm from a joint analysis of the cosmological data by running Monte Carlo Markov chains. With respect to the previous literature, the main features of this paper are as follows. 1) More cosmological observables have been taken into account in the analysis, including not only the CMB temperature anisotropies, but also the structure growth rate, the bulk flow of the baryon and the kSZ effect. 2) We have evaluated in detail the impacts of the DM decay on the Sachs-Wolfe (SW) effect, the early/late Integrated SW effects, as well as on the evolution of the Weyl potential |Φ|, which explicitly provides physical explanations for the decay-induced signatures in the CMB TT power spectrum, the growth rate f σ 8 , the bulk flow of baryon v 2 b 1/2 , and the kSZ power spectrum. We find that the DM decay leads to a visible suppression in |Φ| and consequently changes the above-mentioned cosmological observables accordingly. 3) When adding growth rate measurements of the RSD data, the 68% CL upper Fig. 15 , but for the short-lived DCDM model. limit tightens considerably from f dcdm 5.26% to f dcdm 1.99% for the short-lived DCDM model, whereas the inclusion of RSD data can not place a tighter constraint on f dcdm than that from the combined dataset of "CMB+BAO" for the long-lived one. our results also show that the DCDM model does not significantly alleviate the H 0 and σ 8 tensions, which remain at 3σ level. 4) For the first time, we also investigated the constraining power of the kSZ effect on the DCDM model in detail. The current SPT-kSZ prefers the presence of the decaying DM that leads to a suppression in the kSZ power spectrum. The derived contours from the kSZ data alone, which are different from the "CMB+BAO+RSD" inferred ones, indicate that the kSZ signal is sensitive to the DCDM model and would provide an independent constraint on the parameter space. We thus expect that future precise kSZ surveys will constrain the properties of DCDM tightly. Definitely, if the cold DM decays into electromagnetic particles, many other cosmological observables will provide additional information for detecting/constraining the decaying DM, such as the reionization history (e.g., [90, 107, 108] ), and, the existence of DCDM can Figure 17 : Comparison of the constraints on the parameters ω ini c , f dcdm and Γ dcdm for the short-lived DCDM model, from the SPT measurement of the kSZ signal at = 3000 and from the "Planck2015+BAO+RSD" dataset. The solid lines denote the SPT-measured 1σ upper limit of 4.2µK 2 and 2σ upper limit of 4.9µK 2 , and the dashed lines are the "Planck2015+BAO+RSD"-induced contours from Fig. 16 . The white star corresponds to the best-fitted C kSZ l=3000 = 2.9µK 2 by SPT.
be strictly tested by ongoing and future reionization observations [99] [100] [101] [102] [103] [104] [105] [106] . Moreover, the weak lensing surveys [109] [110] [111] [112] are expected to further improve the constraints considerably. Finally, it is worthwhile to examine the impacts of DCDM models on the non-linear clustering regime carefully by N-body simulations in a future study.
A Adjust the initial H ini 0 and ρ Λ for keeping θ MC fixed
When investigating and discussing the new physics using cosmological observations, one has to specify which cosmological parameters are kept fixed, in order to clearly demonstrate predicted signatures from new physics. Specifically, the effects of DM decay rate Γ dcdm on the CMB can lead to a change in the angular diameter distance to decoupling and a shift of the peaks and trough positions, compared with the standard ΛCDM predictions. To cancel the trivial effects in the CMB and to discuss the effects associated to the decays conveniently, we keep a constant value of θ MC for the DCDM model before Sec. 4 and, consequently, the initial Hubble parameter H ini 0 and ρ Λ will be adjusted accordingly for a given Γ dcdm and f dcdm . Note that, we however treat θ MC as a free parameter for the MCMC analysis in Sec. 4. 
Here, d s (z * ) and d A (z * ) denote the sound horizon before the photon decoupling at z * and the angular diameter distance from last scattering surface to us, respectively. C s is the speed of sound in the photon-baryon fluid. As expected, the decay will change the Hubble expansion rate H(a) = H(a)/a due to some amount of DM (∝ a −3 ) decaying into invisible relativistic particles (∝ a −4 ), and then alter the θ MC . By assuming the present-day value of the baryon density is fixed, varying the dark energy density ρ Λ gives a solution for compensating for the change in H(a).
For the long-lived model, as the typical time scale of the decay 1/H(z * ), the d s (z * ) is insensitive to the decay, but the d A (z * ) would increase significantly due to a large decrease in H(z). We therefore increase ρ Λ to reduce the d A (z * ) so as to keep θ MC unchanged. Moreover, the larger ρ Λ will enhance the CMB low-power due to the late integrated Sachs-Wolfe effect.
For the short-lived model where Γ dcdm 5 Mpc −1 , the typical decay occurs before the recombination and only a small fraction of decaying DM are still alive at the late-time universe. In this scenario, the decay has impacts on both d s (z * ) and d A (z * ), unlike the long-lived model. Increasing Γ dcdm will lead to both d s (z * ) and d A (z * ) increased as H(z) decreased. However, θ MC , the ratio of d s (z * ) and d A (z * ), does not monotonically change in Γ dcdm , since the dependences of d s (z * ) and d A (z * ) on Γ dcdm are obviously different. As a result, in some cases with considerably large Γ dcdm , the changes in θ MC would become even smaller than those from a smaller Γ dcdm (shown in Fig. 1) .
In Tab. 5, we illustrate the derived values of d s (z * ), d A (z * ) and 100θ MC by varying Γ dcdm and ρ Λ , while keeping f dcdm = 0.2 fixed. For each Γ dcdm , with adjusting ρ Λ to an appropriate value or without, we clearly demonstrate the effects of the decay in θ MC . When fixing θ MC to the standard value θ ΛCDM MC (i.e., θ MC /θ ΛCDM MC = 1), we qualitatively confirm the above claims. One can find that, the increase in ρ Λ for Γ dcdm = 3000 Mpc −1 (i.e., short-lived) is smaller than that for Γ dcdm = 0.3 or 30 Mpc −1 , and ρ Λ must be adjusted to the higher values (increased by 42.2% and by 220.5% for Γ dcdm = 0.003 and 0.3 Mpc −1 for the long-lived model, respectively. where t is the proper time and the (') denotes integration variables. The Weyl potential |Φ| is determined by the Poisson equation, 5) in which ∆ m and ∆ r collect all the linear terms in perturbations (e.g., overdensity, peculiar velocity, etc.), and ρ m ∝ a −3 and ρ r ∝ a −4 .
Recalling the adopted initial condition described in Sec. 3.1, and defining ∆|Φ| ≡ |Φ| dcdm − |Φ| ΛCDM , the deviation of |Φ| from the ΛCDM, one can explicitly rewrite Eq. B.5 as As known that ∆ r > ∆ m during RD in the ΛCDM, k 2 ∆|Φ(a)| is expected be positive. If Γ m is small enough, (1 − e −Γmt ) ≈ 0, implying that the evolution of |Φ| is well consistent with that in the ΛCDM. Now, let us move to the short-lived scenario with a very large Γ dcdm (e.g., Γ dcdm = 3000/30 Mpc −1 in Fig. 5 ). At the RD (a < 0.001), Eq. B.7 indicates the value of |Φ| in the DCDM model tends to be larger than that in the ΛCDM, and a larger Γ dcdm will lead to a larger |Φ| (i.e., |Φ| Γ dcdm =3000 > |Φ| Γ dcdm =30 > |Φ| ΛCDM ). However, at the epoch after the recombination (a > 0.01), all decaying DM completely decay away for such large decay rates (i.e., ρ m < ρ ΛCDM m ), giving rise to |Φ| < |Φ| ΛCDM . Along with the cosmological evolution, the trend of |Φ| Γ dcdm =3000 > |Φ| Γ dcdm =30 is still observed from our numerical calculations, leading to the feature of the deeper suppression for the smaller Γ dcdm shown in Fig. 5 .
